The Lowest Landau Level on a torus is studied. The dimension of the many-body Hilbert space is obtained and is found to be different from the formula given by Haldane. Our result can be tested in numerical investigations of the low-energy spectrum of fractional quantum Hall states on a torus. Recently, Haldane proposed 7] a new de nition of fractional statistics (we will call it Haldane's statistics or HS). The de nition of HS is based on a Hilbert space counting argument. HS can be viewed as a generalization of the Pauli exclusion principle in the case of systems with a nite Hilbert space or subspace (for further developments see, for example, Refs. 8, 9, 10, 11, 12] ). In the framework of HS the monodromy properties of wavefunctions are 1
Anyon physics has been applied to the theory of the fractional quantum Hall e ect (FQHE) (for the theory of the FQHE, see Ref. 2] ; for a review, see Ref. 3] ). It is known that quasiparticles in the FQHE are anyons 4, 5] . The condensation of these quasiparticles in Laughlin states gives rise to hierarchical states in the FQHE 4, 6] .
Recently, Haldane proposed 7] a new de nition of fractional statistics (we will call it Haldane's statistics or HS). The de nition of HS is based on a Hilbert space counting argument. HS can be viewed as a generalization of the Pauli exclusion principle in the case of systems with a nite Hilbert space or subspace (for further developments see, for example, Refs. 8, 9, 10, 11, 12] ). In the framework of HS the monodromy properties of wavefunctions are not used to de ne the statistics and the de nition of statistics is independent of the dimension of space.
Let us rst recall the de nition of HS 7] . Consider a N body system, and x N ? 1 particles among them. Analyze the Hamiltonian of the remaining particle (for example particle 1) assuming that the dimension d of the Hilbert space for this particle (or the subspace of the Hilbert space) is nite and independent of which particle has been chosen. The parameter g of HS is by de nition d = ?g N: (1) For bosons, g = 0, and for fermions, g = 1. For g neither 0 nor 1, we say that particles obey fractional statistics.
In Ref. 7] , the size of the Hilbert space of the many-body system at xed N has been argued to be given by the following formula,
One of advantages of the concept of HS is that for bosons or fermions the number of N-body states among accessible states is give by the uni ed eq.
.
HS can be applied to many di erent physical problems. For example, it has been used for the study of the FQHE 13, 14, 15] . As the de nition of HS is independent of the dimension of space, it has also been used to discuss fractional statistics in spatial dimensions di erent from two, for instance the Calogero-Sutherland model, which is a one dimensional model 16, 11] .
In this letter, we will focus on problems related to the FQHE. In Refs. 13, 15] , the emphasis was put on the Hilbert space of the low-energy sector of fractional quantum Hall (FQH) states on a sphere, in the presence of quasielectron (QE) or quasihole (QH) excitations. On the other hand, the energy spectrum of a few electrons can be calculated numerically. A low-energy sector was found which is well separated from the groundstate and corresponds to Hall states with QE or QH excitations. The dimension of the Hilbert space of such states predicted in Ref. 7] by using eq. (2), for example, in the presence of QH excitations, is (N e + N q )!= (N e )!(N q )!], which is in agreement with the number of states in the low-energy sector found in numerical studies. Moreover, the HS parameters of the quasiparticles in the FQHE are closely related to the traditional fractional statistics parameters of the quasiparticles 15].
In Ref. 17] , anyons on the sphere with hard core boundary conditions interacting with a strong magnetic eld were considered, and the related problem of FQH states on a sphere was also studied. The dimension of the Hilbert space of many-body states (DHMS) in those cases was found to be given by eq. (2), in agreement with Refs. 13, 14, 15] .
In this letter, we consider anyons in a strong magnetic eld on a torus. Because of the presence of the strong magnetic eld we consider only the lowest Landau level (LLL) states. We explicitly work out the formula of the DHMS. In this case, the DHMS is the number of possible many-body states in the LLL. We note that the concept of HS can also be applied to our case and expect the formula of the DHMS to be given by eq. (2) as in the case of spherical geometry. However, we nd that the DHMS for LLL states on a torus is not given by eq. (2) . By using the results of this letter we also obtain the number of states in the low-energy sector of the FQHE on a torus by using Halperin's theory of hierarchical states. Our formula can be tested in numerical calculations on a torus, similar to Ref. 15] where the calculation was performed on a sphere. We conclude that when the topology is changed to that of a torus, the prediction made by HS does not tally with what we nd for anyons in the LLL on a torus. One may guess that eq. (2) is valid only when there are no topological obstructions for constructing single component wavefunctions.
It is not surprising that the formula of the DHMS in the case of anyons on a torus interacting with a strong magnetic eld is di erent from formula (2), although eq. (2) does correctly give the DHMS in the case of spherical topology. It is highly nontrivial to put anyons on a torus. The nontrivial topology of tori force the wavefunctions of anyons to be multi-component, in contrast to the case of spheres 18, 19, 20, 21, 22] .
The low-energy sector was also investigated in Jain's theory of hierarchical states on a sphere, the so called composite fermion theory of the FQHE 23] . The number of low-energy states was obtained in this framework, and was found to be identical to the one predicted in Halperin's hierarchical theory using the HS concept 24]. Can we also use Jain's theory to obtain the number of states in the low-energy sector of FQH states on a torus? FQH states have degenerate ground states on a torus 25]. Numerical calculations will show such degeneracy explicitly 26]. One can construct Halperin's hierarchical wavefunctions on a torus with the correct degeneracy 27]. However, we do not know how to construct Jain's wavefunctions on a torus with the correct degeneracy and therefore we do not know how to use Jain's theory to obtain the number of states in the low-energy sector of FQH states on a torus.
We begin by solving the DHMS of anyons in the LLL on a torus at a speci c lling. 
where B is the magnetic eld and e q is the charge of the particle. Let be the magnetic ux seen by the particle and is equal to 2 e q B.
We take the statistical parameter = k=s, where k; s are positive coprime integers. must be a rational number on a torus and ? N = 0 must be an integer according to the Dirac quantization condition. therefore in this case, the degeneracy of the wavefunctions is equal to the CCD: k + ps 27] .
To obtain the DHMS of the model when 0 = pN and p is an even integer, we nd the number of all possible wavefunctions, or possible F 0 (or possible F n ), not necessarily restricted to be of Laughlin type. We note that the wavefunctions of the center coordinate part shall remain unchanged regarding to the di erent solutions of F 0 28].
To work out D r , the number of all possible F 0 , it is not necessary to get explicit solutions for all possible F 0 . Considering N bosonic particles and taking the magnetic ux quanta equal to p = pN, the wavefunctions of this model are given by eq. (5) 
In the discussion above we obtained the DHMS of anyons in the LLL on a torus when 0 = p = pN and p is an even integer. Eq. (7) is only dependent on 0 , ( = k=s) or and . There is no explicit dependence on the parameter p in the nal formula although we used the relation 0 = pN in the derivation of the formula.
We now generalize the discussion to the case of arbitrary integer 0 and show that formula (7) 
How many of these vectors satisfy the condition (12)? If kN is divisible by then for every given set of integers fn i g, we can nd a sequence containing (kN + s ) = values of c 0 separated by a multiple of 0 such that condition (12) is ful lled. Therefore, D, the total degeneracy of LLL states, is given by (13) divided by , which leads to our previous formula for the DHMS of LLL states. In cases where kN is not divisible by we have failed to nd a rigorous proof of the formula, however, we have checked it for a number of potentially anomalous cases and found that the formula gives the correct degeneracy.
The formula of the DHMS is sensible for a number of cases. Even though we have implicitly assumed that 6 = 0 the formula gives a sensible answer even for = 0, namely D = k which agrees with the result of 29]. For the fermionic (k = s = 1) and bosonic (k = 0; s = 1) cases the standard degeneracy is reproduced. Following Ref. 9], we also calculated the thermodynamics on a torus by using the formula of the DHMS and we found that the thermodynamics is the same as that on a sphere (see also Ref. 8] ). We now apply the above results to the FQHE. In the case of QH excitations of a Laughlin state at lling 1=m, the DHMS of the low-energy spectrum is (N e + N q ? 1)! (N e )!(N q )! (mN e + N q ) : (14) The DHMS in the case of QE excitations in a Laughlin state can also be worked out (we remind the reader that the wavefunctions obey hard-core boundary conditions):
(N e ? N q ? 1)! (N e ? 2N q )!(N q )! (mN e ? N q ) : (15) The details of the derivations of this paper and the formula in the case of multispecies anyons with mutual statistics on a torus will be presented elsewhere.
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